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Abstract

In abstract algebra and other branches of mathematics, the concept of a large group of individuals collaborating on a gives a strong
foundation for comprehending how a group can symmetrically transform the elements of a set. The thesis centers on exploring and resolving
the complexities associated with group actions on sets, particularly in terms of their advanced theoretical aspects and practical applications.
This research seeks to push the boundaries of current knowledge, providing new insights and tools for both theoretical and applied
mathematics. Using software tools like Mathematica, MATLAB, or GAP (Groups, Algorithms, and Programming) to simulate group actions
and visualize their effects on sets and to implement algorithms for solving group action-related problems, such as computing orbits,
stabilizers, and automorphism groups. This study helps in analyzing the efficiency and scalability of these algorithms, particularly in

handling large or complex groups.
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Introduction

In abstract algebra, Group action theory offers a robust basis
for understanding how algebraic structures interact with
sets. A group action describes a way in inside a group,
which includes a collection of components and a process
that satisfies certain axioms, systematically "acts" on a set,
thereby providing insight into its structure and symmetries.
This concept extends beyond pure algebra into geometry,
combinatorics, and even theoretical physics, making it an
essential topic in higher mathematics.

At its core, A group action is a function that links each
element of the group with a set while associating with
maintaining the group structure. The presence of a function
GxX—XG would provide a more exact description of an
action of a group G on a set X to XGxX—X. satisfies two
fundamental properties: identity preservation (X undergoes
an identity transformation via the part of G that is uniquely
identified, and the process guarantees compatibility of a
product of two group elements is the same as applying them
successively). These conditions ensure that the group
elements induce well-behaved transformations on the set,
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leading to significant structural insights.

The study of group actions is crucial because it connects
abstract algebraic groups with more tangible geometric and
combinatorial objects. One of the fundamental uses of group
actions is in classifying objects up to symmetry. For
example, in geometry, group actions help describe the
symmetries of shapes, such as the rotational and reflectional
symmetries of a square or a tetrahedron. In combinatorics,
they provide a systematic way to count objects while
considering symmetries, as seen in Burnside’s Lemma,
which aids in counting distinct objects under symmetry
constraints.

Moreover, the study of group actions leads leading to
significant findings like the orbit-stabilizer theorem, which
describes how elements of a set are partitioned into orbits
under a group action and relates this to subgroup properties.
The concept of orbits (the set of points a particular element
can move to under group actions) and stabilizers (subgroups
of elements that leave a point unchanged) are fundamental
in understanding how algebraic structures impose order and
classification in mathematical spaces.
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Beyond pure mathematics, group actions have applications
in various scientific fields. In physics, they play a key role
in quantum mechanics and crystallography, where the
symmetries of molecules and crystal lattices can be
described using group actions. In computer science, they
appear in coding theory and cryptography, particularly in
algorithms related to permutations and transformations.

Literature Review

Ishita Goluguri and Christina Li (2019) ™ This study delves
into some intriguing uses of group actions, a miniature
version of the instruments used to examine symmetry in
group theory. The first step in doing this is to learn the
basics of group theory so that we can analyze and evaluate
group behaviors. Groups and their actions are defined and
shown using basic examples, such as the group of square
symmetries and its action on a vertex. Next, we show the
Orbit-Stabilizer Theorem, a key result in proving Burnside's
Lemma, and we define an orbit and a stabilizer. Afterwards,
we show how Burnside's Lemma applies to combinatorial
issues. Specifically, using Burnside's Lemma, we determine
how many different ways a geometric design may be
colored and how many different necklaces can be created
using colored beads. Lastly, we go over the Sylow
Theorems, another use of group actions, that are
fundamental for group classification. Among other
applicable definitions, we demonstrate these theorems using
the conjugation group action.

Daniel Guan (2023) 2 This post provides an update on my
prior survey from about 2020, focusing on developments in
the applications of group actions in complicated geometry
that mostly pertain to my own interests.

Dinesh Khattar (2023) B! Our discussion is based on
collective action and is supported by several examples. One
powerful method for understanding group dynamics is
collective action. It is a way to show how a set's symmetries
reflect the group's elements. As an example, as a natural
group, the dihedral group D4 operates on square vertices
when shown as a collection of square symmetries action for
many groups. An extension of this concept that may be used
to extract valuable information about the group and the set it
operates on is the collective behaviour when applied to a set.
Jesse Elliott (2020) “ One of our services is a method for
studying musical scales using the idea of group activities.
For each group G, finite G-set S, and real number t, the {\it
t-power diameter} diamt(G, S) is the size of any maximal
orbit of S divided by the t-power mean orbit size of the
elements of S. If the set of all tonic scales is subject to the
symmetric groups, then {\its tonic scale} is a subset of Z12
that includes O process Chapter 11. Every single G-set
heptatonic scale has the highest t-power diameter provided
by {(12), (3 4), (56),(89), (10 11)}, for every t € [-1,1],
for the subgroup ce and its conjugate subgroups. For any
subgroup G of S11, this is true. Bhatkhande asserts that the
32 thas that comprise Hindustani classical music create an
exceptional highest oe-orbit. Among the 462 heptatonic
scales, this research explains why 32 of them are interesting
from a mathematical perspective. Our approach is also
somewhat extended to hexatonic and pentatonic scales.
Evelyn Zhu (2022) B! We study typical theories, examples,
and applications of symmetric groups in a symmetric group
in this work. The group operation is function composition,
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and all elements are bijections to the set itself. We start by
going over what symmetry is and how it works, then we'll
go over several instances. Next, we will go over the
characteristics and unique components of symmetric groups
before introducing and defining a few practical applications.
The subgroup structure of symmetric groups is then shown,
along with a few illustrative hypotheses.

Research Methodology

Construct models that illustrate how group actions operate
on sets in specific contexts, such as symmetries in geometry
or permutations in combinatorics. Apply the orbit-stabilizer
theorem and other relevant theorems to analyze the behavior
of these models. Develop new theorems or generalizations,
if possible, to extend the application of group actions to
previously unexplored areas.

Utilize software tools like Mathematica, MATLAB, or GAP
(Groups, Algorithms, and Programming) to simulate group
actions and visualize their effects on sets. Implement
algorithms for solving group action-related problems, such
as computing orbits, stabilizers, and automorphism groups.
Analyze the efficiency and scalability of these algorithms,
particularly in handling large or complex groups.

Data Analysis

Group Action” Definition

The unit's central idea, the significance of "group action on
a set," is introduced in this section. Some instances of
collective acts are provided in the next section. In order to
understand how symmetries contribute to the development
of §4.1-(1) discusses the idea of collective activities.

Sets of G-radii: Assume that G is a group and X is a set.

The statement "G acts on X" or "X is a G-set" may be used

to describe a function G x X — X that meets certain axioms.

The conjugate image of (g,x) is represented as g - x in this

function (for the g axiom), where x is an element of X and g

is an element of G:

1. e - x = x where x belongs to and e is the identity
element of the group X &

2. g (h-x) = (gh)- xghis the product of g and h in G,
in that order, for all x in X, every g in G, and all h in G.

Thoughts on symbols and language

You have X as a G-set and G as a group. The action is
defined by the function G X X — X, which is referred to as
the "action map". It is frequently easier to write gx instead
of g - x, which depicts the image underlying the action map
of a pair (g, x), to avoid the "dot" in that notation. This
"abuse of notation" is supported by postulate (2) of §2.3-3.1
becomes g(hx) = (gh)x, It seems to be nothing more than
the "associativity axiom" for the group's multiplication
operation. Indeed, we will need to deal with actions when
the set x is the group ¢ itself. (see §4.3). In a few of them,
the group multiplication serves as the action map (§4.3.1)
that is, its "direct descendant” (e.g., §4-(c)). By replacing the
dot with gx, of g - x would simplify and clarify the notation
in these instances. But keep in mind that when you write 9%
for 9 * X may in It is best to avoid using it in some instances
because of the potential for ambiguity and confusion caused
by conflicts of notation. With respect to the "conjugation
action” §4-(b), As an example, the group is once again the
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set that is acted upon, but this time ¢ - * describes what
gxg _1(the product of x and g. A catastrophe would ensue to
mitigate the dot in this case. Various forms of notation,
including as dx to denote gxg™', is able to both convey
message and be aesthetically pleasing.

New way of looking at G-sets

Subsection 1 offers a different way of putting the phrase that
is instructive and useful. Why don't we start moving in the
right direction? For the sake of argument, let's pretend that
G acts upon the set X. There is a function ¢ g (X) — X that
is defined for every member g of by x —» g - x. G,

¢g(x) = g * X Now we may state the two axioms of the
definition in §3.1 in an analogous manner:
. ®e presents itself as an itinerary map X, where €

represents the unique identifier for G,
2. ®g ° @n = Pgn, where %5 ° ¢n indicates that the
combination (®x initially, and then Pg)

3. It is highly suggested by the second axiom in its
equivalent form (2'), which states that the connection

9 7 @5 is homomorphic to the group! To make this
assumption more concrete, notice Therefore when (1')
and (2') are taken together, they show that #s serves as a

self-contained transitive closure of X, #9-1 opposite of ¥g.

Now consider the group Gy for every bijection involving X
on its own. Note that ©x is a group that is currently being

composed, with the identification map on X serving as its
identity element. This particular instance is probably not
new to the reader: In cases as an example, consider the set
of all positive integers as X, which is a finite set of n items

from 1 to n, then it transforms into Sy is denoted ©n and
went by the name of “symmetric group on n letters”.

It the statement made by (2') is readily verifiable
¢: G — Sygiven by 9 ~ ¥g is a group homomorphism.
On the other hand, when thought of as a group
homomorphism @ ¢ G = S, due to an association between
It is possible to get an action of G by applying the definition
to the composition of group G and the bijections of set

X9 x = @300 this place, we have indicated by
¢g (rather than ¢(9)) the image of 9 under @ to avoid the
ugliness of ©(g)(x).

a) A synopsis of this part. Seen as a group homomorphism

from G to X, it's the same as acting on X from group G. ©x
X bijections examined. Given that for any g in G, we

operate G on X and thereafter allow %y illuminate the way
X 7 4 X then %Pg connects two sets of data and the
relationship 9 — %g proves that two groups are identical
G to ©x. The other one hand, Group homomorphism exists
@+ G = Gy settingd ~ ¥ = Pg(X)_in which ¢g portrays

. . (= ! . .
an image of & in ©x under ¥, G's X's influence is proven.
Connecting a homomorphism to an action, and vice versa, is
obviously inversely related.
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G-maps between G-sets: So, let's pretend given that G
contains the sets X and Y How Is it possible to determine
whether X and Y, two variables, are "the same"? Remember
when there were two sets are isomorphic; we treat them as
one and the same. Does the concept of "sameness" hold for
G-sets in a same way? We begin by defining a G-map so
that we may proceed to present such a concept. A vector (or
procedure) ¢ : X = Y Every map from one set of G-values
where G-equivariant means that it is a G-map if
g(@(x)) = ¢(gx) if we are given x from X and g from G.
We may say that ¢ is a G-map if it commutes with the
action of G. An additional set of G-maps is itself another set
of G-maps; this is readily verifiable. Bijective G-maps are
one kind of G-isomorphism. A G-isomorphism is required
for X to be isomorphic to Y as a G-set. Otherwise, X cannot
be isomorphic to Y. (G) homomorphism ¢: X — Y its polar
opposite #" ' ¥ = X includes an authentic Google Map.
On G-sets, the equivalence relation "X is isomorphic to Y"
is specified. For any two isomorphic G-sets, we say that
they are identical. Because there is a G-isomorphism
between them, any part of G's activity on one of them is
reflected in G's action on the other, therefore it makes sense.

Group Actions in Algebraic Structures

Groups and locations have a tight connection. There are
several communities associated with a certain place or
region. We may investigate the group of symmetries, which
is also called the group of structure-preserving bijections. In
addition to the homology and cohomology groups, to name
a few more, there is the fundamental group. According to
Hermann Weyl, these groups might provide "a deep insight"
into a particular place. An excellent example of this
phenomenon may be found in the study of knots. For
instance, algebraic invariants that take the form of groups
demonstrate that the trefoil knot cannot be unravelled (see
figure 1).

Fig 1: Groups show that these knots are distinct

The field of geometric group theory takes a fresh look at the
connection between spaces and groups. The basic idea of
geometric group theory is to adopt the following philosophy
rather than analyzing spaces using the algebraic structure
and properties of groups. Using your results, explore the
geometry and topology of the spaces the groups work on. In
other words, groups are the main subjects of study, and the
techniques, instruments, and procedures used to investigate
them are dynamical, geometrical, and topological by
definition. Compared to the titles of other branches of
mathematics, the word "geometric group theory" is
relatively new. The notion of hyperbolic groups and the
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study of finitely generated groups as metric spaces were first
presented by Gromov in his major works [Gro87, Gro93],
which sparked a great deal of research and established areas
of investigation that are still very active today. This
substantial quantity of study and the development of various
avenues of investigation are attributed to Gromov's efforts.
Geometric notions were previously included into group
theory prior to the creation of geometric group theory. The
works of writers like Dehn, Whitehead, van Kampen, and
others include these ideas. Furthermore, Thurston's work on
3-manifolds showed how a manifold's geometry may
influence the algebraic and computational properties of its
fundamental group. However, Gromov's publications are the
ones that mark the beginning of these ideas' prominence.
The aim of this article is to provide some light on how the
algebraic structure of groups operating on a space is affected
by the topology and geometry of that space, and how this
knowledge may be used to study group behaviour. I use the
strategy that my mentor, Mladen Best vina, taught me,
which is to give more weight to illuminating cases than
general theory. You'll notice that I use this approach. As is
the case with every review of a mathematical field, many
aspects and areas of geometric group theory are not covered
at all in this overview. The last section offers a selection of
publications that serve as a concise bibliography of further
reading material on geometric group theory.

Groups and spaces: Geometric group theory, as was just
said, uses group actions on spaces to try to understand the
structure of a group. What insights might one possibly get
from seeing how something is done? Will there always be
anything interesting to investigate? After capturing your
interest, let's examine each of these enquiries.

An example SL(2Z): To illustrate how the topology of the
space a group acts on may affect the group's structure, let's
look at an example of a group action that appears in a wide
variety of mathematical subfields. Here, we will concentrate
on the set of matrices that have integer entries and
determinants equal to one. The members of the so-called
special linear group are as follows:

a b
SL(2,Z) = [ J |a,be,d e Z and ad —be =1
e d

Is SL(2,Z) finitely generated? That is, are there finitely
many matrices AL, ..., An € SL(2,Z) sych that any matrix
M€ESL(2,Z) can be product
M=At1l. AL 11""5? (Keep in mind that any 4J could

show up more than once. The answer is "yes," and this topic
may be approached algebraically. However, let's adopt a

expressed as a

geometric viewpoint and examine an action of S L(2Z) on a
metric space

The Farey complex, which is built as follows, is the area we
will be looking at. We begin with a graph whose vertex set
consists of the set of rational numbers p q, which are always
written in lowest terms, plus one extra point that we
designate as 1 0. Edges join two vertices P4 and 75 if
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ps — qr = £1. A section of this graph, referred to as the
Farey graph, is seen in Figure 2. The Farey graph's edges
naturally form triangles, as seen in Figure 2. In actuality,

every such triangle's vertices always have the form P 4, 7§
and? T TG + S For instance, 1 0,0 1 and 1 1, and also 1

0, 1 1 and 2 1. There is an action of SL(2Z) on the Farey
graph that is created by using the rule to permute the
vertices.

a b i)

_ap+ by

e dl 1 " p+dy

r
Verifying that two vertices is simple 2 and S are only joined

|:m :‘Jj| )
. . . o d
by an edge if their pictures

And . are. As a result, an action is specified on
the Farey complex and, therefore, on the Farey graph. The
space that results from filling in the triangles in the Farey
graph is known as the Farey complex. You have
undoubtedly already seen this place and the activities that go
along with it, although in a different form. In actuality, the
Farey complex uses ideal triangles, whose vertices are either
rational or in the model of the upper half plane, to produce a
tessellation of the hyperbolic plane. Furthermore, the
previously stated action requires fractional linear
transformations of the top half plane and is just the usual
action of two-by-two matrices with real entries and a
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positive determinant. The following are the conformal
maps:

| +iz
241

- 1 —1iz

f(z) =

d g(z) =
S, an g9(z)

The time to look into this activity is right now. We will use
the symbol to identify the triangle in the Farey complex that
has the vertices 1 0 and 0 1 as well as the triangle in the
Farey complex that has the vertices 1 0 and 1 1. The most
significant aspects of the lawsuit are captured by two
claims.

Fig 3: The tessellation of the upper half plane by ideal triangles
according to the Farey algorithm

Claim 1: For any triangle A0 in the Farey complex, there is
matrix M € SL(2, Z) gych that MA= A0,

PR ptq
Indeed, suppose the vertices of A" are ¢ 5 and r+s where,
_ 4q
take M = [r s] and observe that MA = AO,

Alternative procedures on spaces that are d-hyperbolic:
Quite a few categories in nature simply cannot hyperbolic
because their subgroups are isomorphic to Z 2. Is it feasible
for us to use negative curvature to further investigate these
groups? As we loosen the need of a valid metric space and
the restriction of a geometric action, we will consider
illustrates a noteworthy group within the domain of
topology with few dimensions. An orientation able surface,
which may or may not have a border, and the MCG () of
orientation-preserving homeomorphisms of modulo isotopy
constitute a class group. Just to clarify, homeomorphisms
that may be continuously deformed into each other such that
each intermediate map is likewise a homeomorphism are
considered to define the same mapping class. It is required
that the homeomorphisms and the isotopies on each
component of the boundary have the same identity when the
boundary is not empty. Let's suppose that is compact to
make this discussion easier to handle. This group is used in
the field that studies symplectic geometry, algebraic
geometry, dynamics, configuration spaces, and three-
manifolds, as well as in cryptography. Using
homeomorphisms provided on disjoint subsurface
Discovering isomorphic subgroups to Z 2 is a breeze in the
majority of mapping class groups. Consequently, the MCG
() function is generally not hyperbolic. The graph of the
mapping class group influences curve C (). The circle S 1
embedded on a plane without an annulus (which appears
only when it has a boundary) and a disc is called a closed
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curve that is simple. The curve graph is the collection of
basic closed curve isotopy classes that make up the vertex
set of the graph. If the representations of two such curves,
[c0] and [c1], do not have a discontinuous connection with
one other, then they are connected by an edge. Numerous
curves are shown in Figure 4; each accompanied with the
corresponding subgraph of C (). The equation illustrates
how Any time a mapping class [f] is applied to a vertex [c]
in the curve graph, the basic closed curve is transferred to
the vertex's image. This holds for an operation on C as well,
as homeomorphisms convert disjoint curves into other
disjoint curves.

When the genus is equal to 1, any two non-isotopic simple
closed curves will always intersect, because does in the case
of a torus S_ (1). The aforementioned definition will thus
result in a graph devoid of edges. The concept is
significantly altered in this case such that if [c0] and [c1]
have representatives that overlap once, they are regarded as
being connected by an edge. Let's examine this curve graph
in further detail. A simple closed curve on the torus in its
most basic form is isotopic to a curve that wraps p times
around the first S () component.

2 4

Fig 4: The graph of a genus 2 surface's curves

where p and q are approximately prime, and for iterations q
that concentrate on the second S 1 component and beyond.
Given that q is probably positive, we may safely infer that it
is it doesn't matter which way the vector is orientated. In
other words, parameters for the set of rational integers p and
q plus one additional element, 1.0, constitute the isotopy
classes of simple closed curves on the torus. Also, how
often do the fundamental closed curves p, q, r, and s occur,
appear intersect is shown by the equation "ps qr." Does
anybody recognise this? The graph of the torus's curve is the
Farey graph, as you rightly pointed out. The two operations
are equivalent simply because SL (2, Z) is genuinely
isomorphic to the torus's mapping class group. An excellent
example of the impact of SL (2, Z) on the Farey graph
exemplifies many key features of C () and the impact of
MCG () on C (). First, we discovered that, like the Farey
graph, the curve graph has a hyperbolic form. Masur and
Minsky [MM99] were the first to demonstrate this startling
fact, although it has since been repeatedly refuted. The most
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exact estimate of when they proved that was less than 17
[HPW15], which was given by Hennsel, Przytycki, and
Webb. The importance of this result for the study Geometric
group theory, 3-manifold geometry, and the mapping class
group are all very important. Secondly, the action's
discontinuity is not well implemented. In actuality, the
vertex stabilizers have no upper limit. But this is a strength
rather than a weakness! When homeomorphisms fix a
simple closed curve, they do precisely what they sound like.

Conclusion

Research into group actions bridges multiple areas of
mathematics, offering solutions to problems in abstract
algebra, geometry, combinatorics, and applied sciences. By
understanding these concepts, mathematicians and scientists
can classify objects more efficiently, simplify complex
counting problems, and discover deep structural properties
of mathematical and physical systems. The versatility and
applicability of group actions make them one of the most
powerful tools in modern mathematics and theoretical
sciences.
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